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Abstract 

We prove that the interval topology of an Archimedean atomic lattice effect al- 
gebra E is Hausdorff whenever the set of all atoms of E is almost orthogonal. In 
such a case E is order continuous. If moreover E is complete then order conver- 
gence of nets of elements of E is topological and hence it coincides with conver- 
gence in the order topology and this topology is compact Hausdorff compatible 
with a uniformity induced by a separating function family on E corresponding to 
compact and cocompact elements. For block-finite Archimedean atomic lattice 
effect algebras the equivalence of almost orthogonality and s-compact genera- 
tion is shown. As the main application we obtain the state smearing theorem 
for these effect algebras, as well as the continuity of ©-operation in the order 
and interval topologies on them. 
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1. Introduction, basic definitions and facts 

In the study of effect algebras (or more general, quantum structures) as 
carriers of states and probability measures, an important tool is the study of 
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topologies on them. We can say that topology is practically equivalent with the 
concept of convergence. From the probability point of view the convergence of 
nets is the main tool in spite of that convergence of filters is easier to handle 
and preferred in the modern topology. It is because states or probabilities 
are mappings (functions) defined on elements but not on subsets of quantum 
structures. Note also, that connections between order convergence of filters and 
nets are not trivial. For instance, if a filter order converges to some point of a 
poset then the associated net need not order converge (see e.g, [Hj]). 

On the other hand certain topological properties of studied structures char- 
acterize also their certain algebraic properties and conversely. For instance a 
known fact is that a Boolean algebra B is atomic iff the interval topology Tj on 
B is Hausdorff (see [20|, Corollary 3.4]). This is not more valid for lattice effect 
algebras (even MV-algebras). By Frink's Theorem the interval topology Tj on 
B (more generally on any lattice L) is compact iff it is a complete lattice 



In [16( it was proved that if a lattice effect algebra E (more generally any basic 
algebra) is compactly generated then E is atomic. 

We are going to prove that on an Archimedean atomic lattice effect algebra 
E the interval topology r, is Hausdorff and E is (o)-continuous if and only if 
E is almost orthogonal. Moreover, if E is complete then Tj is compact and 
coincides with the order topology r on E and this compact topology Tj = t d is 
compatible with a uniformity on E induced by a separating function family on 
E corresponding to compact and cocompact elements of E. 

As the main corollary of that we obtain that every Archimedean atomic 
block-finite lattice effect algebra E has Hausdorff interval topology and hence 
both topologies n and t g are Hausdorff and they coincide. In this case almost 
orthogonality of E and s-compact generation by finite elements of E are equiv- 
alent. As an application the state smearing theorem for these effect algebras 
is formulated. Moreover, the continuity of ©-operation in Tj and t q on them is 
shown. 

Definition 1.1. A partial algebra (£7; ©,0,1) is called an effect algebra ifO, 1 
are two distinct elements and © is a partially defined binary operation on E 
which satisfy the following conditions for any a, 6, c G E: 

(Ei) 6 © a = a © & if a®b is defined, 

(Eii) (a © b) © c = a © (b © c) if one side is defined, 

(Eiii) for every a G E there exists a unique b G E such that a © b = 1 (we put 



(Eiv) if 1 © a is defined then a = 0. 

We often denote the effect algebra (£?;©, 0, 1) briefly by E. In every effect 
algebra E we can define the partial order < by putting 
a < b and b © a = c iff a © c is defined and a © c = 6, we set c = b a . 

If E with the defined partial order is a lattice (a complete lattice) then 
{E; ©,0, 1) is called a lattice effect algebra (a complete lattice effect algebra). 




a' = b), 
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Recall that a set Q C E is called a sub-effect algebra of the effect algebra E 

if 

(i) 1 e Q 

(ii) if out of elements o,i,c6£ with a © 6 = c two are in Q, then a, 6, c G Q. 

If Q is simultaneously a sublattice of E then Q is called a sub-lattice effect 
algebra of -E. 

We say that a finite system F — (afe)£ =1 of not necessarily different elements 

n 

of an effect algebra (E; ffi, 0, 1) is ®-orthogonali{ a\®0b2®- • -®a n (written ® a& 

fc=i 

or F) exists in £\ Here we define ai©a 2 ffi- • -©a„ = (ai©a 2 ffi- • -©a„_i)©a„ 

n— 1 n— 1 

supposing that (J) a/, exists and (J) a fc — a n- An arbitrary system G = (a K ) Ke # 

fe=i fc=i 
of not necessarily different elements of E is ffi- orthogonal if ® if exists for every 
finite K C G. We say that for a ©-orthogonal system G = (a K ) K6 # the element 
®G exists iff \/{Q)K K C G, if is finite} exists in F and then we put 
®G = \J{®K K C G} (we write Gi C G iff there is iT x C H such that 
Gi = (a K ) Ke H 1 )- 

Recall that elements x and y of a lattice effect algebra are called compatible 
(written x «-» y) if a; V y = a; © (y © (a; A y)) 13]. For x <E E and F C S we write 
x <-» y iff ir <-> y for all y G If every two elements are compatible then E is 
called an MV-effect algebra. In fact, every MV-effect algebra can be organized 
into an MV-algebra (see 0) if we extend the partial © to a total operation by 
setting x © y = x © (x' A y) for all x,y £ E (also conversely, restricting a total 
© into partial © for only x,y £ E with x < y' we obtain a MV-effect algebra). 

Moreover, in 23] it was proved that every lattice effect algebra is a set- 
theoretical union of MV-effect algebras called blocks. Blocks are maximal sub- 
sets of pairwise compatible elements of E, under which every subset of pairwise 
compatible elements is by Zorn's Lemma contained in a maximal one. Further, 
blocks are sub-lattices and sub-effect algebras of E and hence maximal sub- MV- 
effect algebras of E. A lattice effect algebra is called block-finite if it has only 
finitely many blocks. 

Finally note that lattice effect algebras generalize orthomodular lattices [l(| 
(including Boolean algebras) if we assume existence of unsharp elements x G E, 
meaning that x Ax' ^ 0. On the other hand the set S(E) = {x G E \ x Ax' = 0} 
of all sharp elements of a lattice effect algebra E is an orthomodular lattice Q . 
In this sense a lattice effect algebra is a "smeared" orthomodular lattice, while 
an MV-effect algebra is a "smeared" Boolean algebra. An orthomodular lattice 
L can be organized into a lattice effect algebra by setting a © b = a V b for every 
pair a, b G L such that a < b . 

For an element x of an effect algebra E we write ord(x) = oo if nx = xffix© 
• • • © x (n-times) exists for every positive integer n and we write ord(a;) = n x if 
n x is the greatest positive integer such that n x x exists in E. An effect algebra E 
is Archimedean if ord(x) < oo for all x G E. We can show that every complete 
effect algebra is Archimedean (see [I2|). 
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An element a of an effect algebra E is an atom if < b < a implies 6 = 
and E is called atomic if for every nonzero element x € E there is an atom a 
of E with a < x. If u G E and either u — or u — p\ © pi © ■ • • © p n for some 
not necessarily different atoms p%, P2, ■ ■ ■ , p n S E then u G E is called finite and 
u' G E is called co finite. If -E is a lattice effect algebra then for x G E and an 
atom a of E we have a <-» cc iff a < x or a < a;'. It follows that if a is an atom of 
a block M oi E then a is also an atom of E. On the other hand if E is atomic 
then, in general, every block in E need not be atomic (even for orthomodular 
lattices [l|). 

The following theorem is well known. 

Theorem 1.2. [SB], Theorem 3.3] Let (E; ©, 0, 1) be an Archimedean atomic 
lattice effect algebra. Then to every nonzero element x G E there are mutually 
distinct atoms a a G E, a£ £ and positive integers k a such that 

x = ^^{k a a a | a G £} = \J{k a a a a G £} 

under which x G S(E) iff k a = n aa = ord(a Q ) for all a G £. 

Definition 1.3. (1) An element a of a lattice L is called compact iff, for any 
D C L with V D G L, if a <\f D then a <\f F for some finite F C D. 

(2) A lattice L is called compactly generated iff every element of L is a join 
of compact elements. 

The notions of cocompact element and cocompactly generated lattice can be 
defined dually. Note that compact elements are important in computer science 
in the semantic approach called domain theory, where they are considered as a 
kind of primitive elements. 

2. Characterizations of interval topologies on bounded lattices 

The order convergence of nets ((o)-convergence), interval topology t% and 
order-topology t d ((o)-topology) can be defined on any poset. In our observa- 
tions we will consider only bounded lattices and we will give a characterization 
of interval topologies on them. 

Definition 2.1. Let L be a bounded lattice. Let TL — {[a, b] C L\a, b G L with 
a < b} and let Q = {Ufc=i[ a fc; Ml[ a fcj M e 'H,k = 1,2, ...,n\. The interval 
topology Ti of L is the topology of L with Q as a closed basis, hence with TL as 
a closed subbasis. 

From definition of n we obtain that U E Ti iff for each x G U there is F G Q 
such that x G L\F C U. 

Definition 2.2. Let L be a poset. 

(i) A net (x a ) a ^£ of elements of L order converges ( (o)-converges, for short) 
to a point x G L if there exist nets {u a ) ae s o- n d (v a )a<££ of elements of L 
such that 

x t x, a G £ 
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where x ] u a means that u ai < u a2 for every ct\ < ai and x — \j\x a \ 
a G £}. The meaning of v a [ x is dual. 

We write G £ in L. 

(ii) A topology tq on L is called the order topology on L iff 

(a) for any net (x a ) al z£ of elements of L and x G L: x a ^—l a in L =>■ 

G £, where x a -A x denotes that (i a ) a6 £ converges to x 
in the topological space (L,tq), 

(b) if t is a topology on L with property (a) then r C r D . 

Hence r Q is the strongest (finest, biggest) topology on L with property (a). 

Recall that, for a directed set (£,<), a subset £' C £ is called cofinal in £ 
iff for every a € £ there is (3 € £' such that a < (3. A special kind of a subnet 
of a net (x a ) ae s is net (a; j g) / 3 e f / where £' is a cofinal subset of £ . This kind of 
subnets works in many cases of our considerations. 

In what follows we often use the following useful characterization of topo- 
logical convergence of nets: 

Lemma 2.3. For a net (x a )a££ of elements of a topological space (X,t) and 
x G X: 

x a ~* x , a £ £ "iff f or all £'(=£, where £' is cofinal in £ there exist 
£" ^ £' , £" cofinal in £' such that i 7 ^i,7£ £" . 

Proof. =>: It is trivial. 

<^: Let for every £' G £, where £' is cofinal in £ there exist £" C £\ £" cofinal 
in £' and X"y ^ X •) J G £" , and let x a -f* x, a G £■ Then there exist U{x) G r 
such that for all a G £ there exist (3 a G £ with (3 a > a and xp a g" U(x). Let 
£' = {Pa £ £|a G > Q^ftv ^ then X/5 Q x,(3 a G £' and for all 

cofinal £"(-£': x^ ^ x, 7 G Hence there exists £' C £ cofinal in £ and for 
all £" G £" cofinal in £': i^ije £" a contradiction. □ 

Further, let us recall the following well known facts: 

Lemma 2.4. Let L be a bounded lattice. Then 

(i) F G L is To-closed iff for every net {x a ) a ^e of elements of L and x G L: 

(x a G F, x a x, a G £) =>■ x G F. 

(ii) for every a,b £ L with a < b the interval [a, 6] is To-closed. 

(iii) t,; C t . 

(iv) For any net (a; a )aef 0/ elements of a L and x G L: 

(°) c n p 

(v) If Ti is Hausdorff then tq = Ti (see fsj). 
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(vi) The interval topology Ti of a lattice L is compact iff L is a complete lattice 
(see fj/j. 

Finally, let us note that compact Hausdorff topological space is always nor- 
mal. Thus separation axiom Ti , T3 and T4 are trivially equivalent for the interval 
topology of a complete lattice L. 

Theorem 2.5. Let L be a complete lattice with interval topology Ti. If F C L 
is a complete sub-lattice of L then 

(a) rf = Ti fl F is the interval topology of F, 

(b) for any net (x a ) ae £ of elements of F and x G F: 

x qi — ^ x . a, ^ o * n - x ^ x . cy, t o . 

Proof, (a): Let 7i and Hf be a closed subbasis of and t/ 7 respectively. Then 
evidently K n F — {[a, b] n F^a, 6] e H} is a closed subbasis of r, ; n F. Further 
for [c,d] F G H F we have [c,d] F = {x E F\c < x < d} = [c,d] (1 F E H D F. 
Conversely, since F is a complete sub-lattice of L, if [a, 6] E TL then [a, 6] n F — 
{x E F\a < x < b} and either [a, b] fl F = or there exist c = A{x 6 F|a < x < 
6} and d — V{x e F\a < x < d} and [a, 6]nF= [c, E Hf- This proves that 
rf=r 4 nF. 

(b): This is an easy consequence of (a). □ 



Hausdorff interval topology of almost orthogonal Archimedean 
atomic lattice effect algebras and their order continuity 

The atomicity of Boolean al geb ra B is equivalent with Hausdorffness of in- 



terval topology on B (see [29| and [2CJ, Corollary 3.4]). This is not more 



valid for lattice effect algebras, even also for MV-algebras. 

Example 3.1. Let M = [0, 1] C M be a standard MV-effect algebra, i.e., we 
define a®b = a + b iff a + b < 1, a, b E M. Then M is a complete (o)-continuous 
lattice with Ti — t q being Hausdorff and with (o)-convergence of nets coinciding 
with r -convergence. Nevertheless, M is not atomic. 

We have proved in [l6| that a complete lattice effect algebra is atomic and 
(o)-continuous lattice iff E is compactly generated. Nevertheless, in such a case, 
the interval topology on E need not be Hausdorff. 

Example 3.2. Let £ be a horizontal sum of infinitely many finite chains 
(-Pi, i; 0j, lj) with at least 3 elements, i = 1, 2, n, . . . , (i. e., for i — 
1, 2, n, . . . „ we identify all 0^ and all lj as well, ^ i on Pi are preserved 
and any a E Pj\{0j, lj}, b E Pj\{0j, lj} for i ^ j are noncomparable). Then E 
is an atomic complete lattice effect algebra, E is not block-finite and the interval 
topology Ti on E is compact. Nevertheless, Ti is not Hausdorff because e.g., for 
a E Pi,b E Pj ,i ^ j , a,b noncomparable, we have [a, 1] fl [0, b] = and there is 
no finite family X of closed intervals in E separating [a, 1], [0, b] (i.e., the lattice 
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E can not be covered by a finite number of closed intervals from X each of which 
is disjoint with at least one of the intervals [a, 1] and [0, b)). This implies that Tj 
is not Hausdorff by [20I Lemma 2.2]. Further E is compactly generated by finite 
elements (hence (o)-continuous) . It follows by [l6[ that the order topology t d 
on E is a uniform topology and (o)-convergence of nets on E coincides with 
T -convergence. 

In what follows we shall need an extension of [26|, Lemma 2.1 (iii)]. 

Lemma 3.3. Let E be a lattice effect algebra, x,y G E. Then x A y = and 
x < y' iff kx A ly — and kx < {ly)' , whenever kx and ly exist in E. 

Proof. Let x < y' , x Ay — and 2y exists in E. Then x © y — (x V y) © (x A y) = 
xVy < y' and hence there exists x®2y = (xVy)(By = (x(By)V2y = x\/yV2y = 
x V 2y, which gives that x < (2y)' and x A 2y = 0. By induction, if ly exists 
then x © ly — x V ly and hence x < (ly)' and x Aly = 0. 

Now, a: < (ly) 1 iff < a;' and because x A ly — 0, we obtain by the same 
argument as above that ly © kx — ly V /ex, hence fca; < (ly)' and ly A kx — 
whenever kx exists in E. 

Conversely, kx A ly = implies that a; A y = and kx < (ly)' implies 



In next we will use the statement of Lemma 13.31 in the following form: For 
any x,y € E with x A y — 0, x ^ y' iff kx (ly)' , whenever fca: and exist in 



Definition 3.4. Let E be an atomic lattice effect algebra. E is said to be 
almost orthogonal if the set {b € E \ b ^ a' ,b is an atom} is finite for every 
atom a € E. 

Note that our definition of almost orthogonality coincides with the usual 
definition for orthomodular lattices (see e.g. [tTL flil|). 

Theorem 3.5. Let E be an Archimedean atomic lattice effect algebra. Then 
E is almost orthogonal if and only if for any atom a G E and any integer I, 
1 < I < n a , there are finitely and integers ji,-..,j m > 

1 < j\ < n ci , . . . , 1 < j m < n Cm such that jkCk ^ {la)' for all k G {1, . . . , m} 
and, for all x G E , x ^ (la)' implies jk Ck < x for some k G {1, . . . , m}. 

Proof. Assume that E is almost orthogonal. Let a G E be an atom, 

1 < I < n a . We shall denote A a = {b G E \ b is an atom, b ^ a'}. Clearly, A a is 

finite i.e. A a — {b±, . . . , b n } for suitable atoms b±, . . . ,b n from E. 

Let b G E be an atom, 1 < k < and kb j£ (la)' . Either b = a or b ^ a 

and in this case we have by Lemma 13.31 (iv) that b £ a'. Hence either b = a or 

1 a T . x r i f if a G SYS) T , , , 

b G A a . Let us put \C\, . . . ,Cm \ = < . , , r , , , . .In both cases we 
^ L ' ' ' \ A a U {a} otherwise 

have that a G {ci, . . . , c m }. 

Now, let a; € E and a; ^ (la)'. By Theorem 11.21 there is an atom c G E and 

an integer 1 < j < n c such that jc < x and jc ^ (^a)'. Either c = a or c ^ a. In 



z < kx < (ly)' < y'. 



□ 



E. 
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the first case we have that j > (n a — I + 1) i.e. x > (n a — I + l)a. In the second 
case we get that c ^ a' i.e. c £ A a and x > bi for suitable i £ {1, . . . , n}. Hence 
it is enough to put jk = 1 if Ck £ A a and jf. — (n a —l + l) if Ck = a. 
•<=: Conversely, let a £ E be an atom. Then there are finitely many atoms 
ci, . . . , c m and integers jx, . . . ,j m , 1 < jx < n ci , . . . , 1 < j m < n Cm such that 
jkCk ^ a' for all k £ {1, . . . , m} and, for all x £ E, x ^ a' implies jk Q Ck Q < £ for 
some fco £ {1, - - - , "i}- Let us check that A a C {ci, . . . , c m }. Let & £ A a . Then 
& > 3ko c ka ^ c fe f° r some fco £ {1, . . . ,m\. Hence b — Ck - This yields A a is 
finite. □ 

Lemma 3.6. Let E be an almost orthogonal Archimedean atomic lattice effect 
algebra. Then, for any atom a £ E and any integer I, 1 < I < n a there are 
finitely many atoms bx, ■ ■ ■ , b n and integers jx,. ■ ■ ,j n > 1 < ji < n^, ■ • ■ , 1 < 
in < ^fc„ smc/i i/iai 

E = [0, (la)'] U (ULib'^fc, 1] U [(n a + 1 - 0*. 1]) 

and 

[o, (la)'} n (ULib'^ i] u [(n„ + 1 - l)o, i]) = 0- 

Hence [0, (Za)'] is a clopen subset in the interval topology. 

Proof. Let a £ U be an atom, 1 < I < n a . By Definition 13. 51 let {jxbx, ■ ■ ■ ,jnb n } 
be the finite set of non-orthogonal finite elements to la of the form jkbk, 1 < 
jk < n b k minimal such that &i,...,6„ are atoms different from a. We put 
D = [0, (la)'} U (\Jl =1 [jkbk, 1] U [(n a + 1 - 0«> !])• Let us check that D = E. 
Clearly, D C E. Now, let z E E. Then by Theorem 11.21 there are mutually 
distinct atoms c 7 E E, jE £ and integers i 7 such that 

z = 0{t 7 c 7 | 7 £ 5} = \/{t 7&y I 7 € £ }. 

Either i 7 c 7 < (Za)' for all 7 £ £ and hence z £ [0, (la)'} or there exists 
70 £ £ such that fcy c 7o ^ (/a)'. Hence, by almost orthogonality, either jk bk < 
^7o c 7o — z f° r some fco £ {1, . . . , n} or (n a + 1 — l)a < t lQ c l0 < z. In both cases 
we get that z £ D. 

Now, assume that y £ [0, (la)'} n (Ufe=ib'fe & fc> !] u [("-a + 1 - Z)°> 1]). Then 
(n a + 1 — /)a < y < (la)' or jkbk < y < (la)' for some k £ {1, . . . , n}. In any 
case we have a contradiction. □ 

Proposition 3.7. Let E be an almost orthogonal Archimedean atomic lattice 
effect algebra. Then, for any not necessarily different atoms a,b £ E and any 
integers I, k; 1 < I < n a , 1 < k < n^, the interval [kb, (la)'} is clopen in the 
interval topology. 

Proof. From Lemma \3. 61 we have that [0, (la)'} is a clopen subset. Since a dual 
of an almost orthogonal Archimedean atomic lattice effect algebra is an almost 
orthogonal Archimedean atomic lattice effect algebra as well, we have that [kb, 1] 
is again clopen in the interval topology. Hence also [kb, (la)'} is clopen in the 
interval topology. □ 
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Theorem 3.8. Let E be an almost orthogonal Archimedean atomic lattice effect 
algebra. Then the interval topology Tj on E is Hausdorff. 



Proof. Let x,y G E and x ^ y. Then (without loss of generality) we may 
assume that x ^ y. Then by [25|, Theorem 3.3] there exists an atom b from E 
and an integer k, 1 < k < such that kb < x and fc& ^ y. Applying the dual 
of 2a, Theorem 3.3] there exists an atom a from and an integer I, 1 < Z < n a 



such that y < (la)' and fc& ^ (la)'. Clearly, x G [fcZ>, 1], y G [0, (Za)'] 

Assume that there is an element z G E such that z G [kb, 1] (~1 [0, (la)']. Then 
kb < z < (la)', a contradiction. Hence by Proposition 13.71 [kb, 1] and [0, (Za)'] 
are disjoint open subsets separating x and y. □ 

Theorem 3.9. Let E be an almost orthogonal Archimedean atomic lattice effect 
algebra. Then E is compactly generated and therefore (o)- continuous. 

Proof. It is enough to check that, for any atom a G E and any integer Z, 1 < 
Z < n a the element la is compact in E since any element of E is a join of such 



elements (see Theorem 1 1 . 2 1 resp . 25l Theorem 3.3]). 

Let x = V q g£ x a for some net (x a ) aE £ in E, la < x, i.e., (la)' >x'[ x a . 

By Lemma EH we have E = [0, (la)'] U ((Jl =1 [j k b k , 1] U [(n a + 1 - l)a, 1]), 
[0,(Za)'] n (ULi^*' 1 ] u IK + 1 " 0M]) = 0, 6i,...,&„ are atoms of -B, 1 < 
Jfc < "-b fc , 1 < fc < n. 

Since £ is directed upwards, there exists a cofinal subset £' C £ such that 
a; a G [0, (la)'] for all /3 G £' or there exists fc G {l,2,...,n} such that x^j G 
[j ko b ko ,l] for all /3 G £' or G [(n + 1 - l)a, 1] for all /3 G If a;^ G [0, (la)'] 
for all (3 € £' then clearly Za < xp for all /3 G £' . If there exists fco G {1, 2, n} 
such that x fi G [?fc Z>fc , 1] for all f3 G £' or a;^ G [(n a + 1 — Z)a, 1] for all £ £' 
we obtain that a;' G [j ko b ko , 1] or a; G [(n a + 1 — l)a, 1] which is a contradiction 
with x G [0, (la)']. □ 

Let £7 be an Archimedean atomic lattice effect algebra. We put U = {x G 
E | x = Vi=i °ii ■ • ■ ' a « are a t° ms °f E,l < li < n ai , 1 < i < n, n natural 
number} and V — {x £ E \ x' £ U}. Then by [25l Theorem 3.3], for every 
x G L, we have that 

a: = G W | u < x} = f\{v eV \ x <v}. 

Consider the function family $ = {/„ u G IA\ U {#„ w G V}, where /„, g v : 

f 1 iff m < x 

L — > {0, 1}, w G ZY, w G V are defined by putting / u (:e) = < „ .„ . 

i u m u y~~ x 

i/\ ( 1 iS x < v r „ T 
and 5 „(y) = i iff a; ^ u x,y £ L. 

Further, consider the family of pseudometrics on L: £$ = {p u \ u G IA\ U 
{7r„ | u G V}, where p u (a,b) = \ f u (a) - f u (b)] and ir v (a,b) = ^(a) - for 
all a,b G £. 
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Let us denote by W$ the uniformity on L induced by the family of pseudo- 
metrics £$ (see e.g. Q). Further denote by t$ the topology compatible with 
the uniformity IA$, . 

Then for every net (x a ) a ^s of elements of L 

x a — x iff ip(x a ) — > <fi(x) for any tp G <£>. 

This implies, since f u , u G U, and g v , v G V, is a separating function 
family on L, that the topology r$ is Hausdorff. Moreover, the intervals [u,v] = 
[u, 1] n [0, v] = n .g t 7 1 ({l}) are clopen sets in t$. 

Definition 3.10. Lei E be an Archimedean atomic lattice effect algebra. Let <3? 
be a separating function family on E defined above. We will denote by r$ the 
uniform topology on E defined by this function family, that means for every net 
(x a ) ae £ of elements of L 

x a x iff ip(x a ) -> ip(x) for any ip G 

Theorem 3.11. Let E be an almost orthogonal Archimedean atomic lattice 
effect algebra. Then Ti = t q = r$. 

Proof. Since by Theorem 13.81 Tj is Hausdorff we obtain by [3] that Tj = r G . 
Further if O G r G and a; G O then by Theorem 11.21 we have x = \/{u G U \ u < 
x} = /\{v e V \ x < v}, which by [l2| implies that there exist finite sets FCW, 
GCV such that x G [V F, A G] C O. Hence r D C r$. By Theorem EH and~[H 
Theorem 1] we obtain r = r$. □ 

Theorem 3.12. Lei E be an Archimedean atomic block-finite lattice effect al- 
gebra. Then Ti = r Q is a Hausdorff topology. 

Proof. As in [18j, it suffices to show that for every x,y G E, x ^ y there are 
finitely many intervals, none of which contains both x and y and the union of 
which covers E. 

By [IH, E is a union of finitely many atomic blocks Mj, i — 1,2, ...,n. 
Choose i G {1,2, ... ,n}. If x,y G Mj then there is an atom a; G Mj and 
an integer h, 1 < h < n ai such that £jaj < x, Uai ^ y. Let us put fej = 
n — Zj + 1 . Since Mj is almost orthogonal (the only possible non-orthogonal kb 
to /a for an atom a, 1 < / < n a is that a = 6) we have by Lemma 13.61 that 
Mi = ([0, (ftjOi)'] n Mi) U ([(n ai + 1 - h)a u 1] n Mi). Hence M, C [0, (ha,)'} U 
[(n„ ( + 1 — fci)aj,l]. Let us check that [0, (fcjOj)'] n [(n 0j + 1 — fej)aj, 1] = 0- 
Assume that (n Qj + 1 — fcj)aj < z < (fejCij)'. Then (n a< + 1 — fcj)aj — ih a i)' i a 
contradiction. Put Jj = [0, (fcjCij)'], Ki = [(n ai + 1 — fcj)aj, 1]. This yields x G LTj, 
y G Jj, Mj C JiU Ki and JiP\ Ki = 0. Let x g" Mj. Then there exists an atom 
G Mj that is not compatible with x. Let us check that x £ [0, (ai)']L)[n ai ai, 1]. 
Assume that x G [0, (<Xj)'] or x G [n ai aj, 1]. Then x < (a^)' or a.j < n 0i a.j < x, 
i.e., in both cases we get that contradiction. Let us put Jj = [0, (dj)'], 

Ki = [n ai ai, 1]. As above, Mj C Jj U Ki, Ji R-Kj = and moreover x ^ Jj U LTj. 
The remaining case j/ ^ Mj can be checked by similar considerations. We 
obtain E = U"=i ^ — UjLiW U Ki) — E and none of the intervals Ji,Ki, 
i = 1, 2, . . . ,n contains both x and y. □ 
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4. Order and interval topologies of complete atomic block-finite lat- 
tice effect algebras 

We are going to show that on every complete atomic block-finite lattice effect 
algebra E the interval topology is Hausdorff. Hence both topologies r,; and r 
are in this case compact Hausdorff and they coincide. Moreover, a necessary 
and sufficient condition for a complete atomic lattice algebra E to be almost 
orthogonal is given. 

For the proof of Theorems 14.21 and 14.31 we will use the following statement, 
firstly proved in the equivalent setting of D-posets in [19( . 

Theorem 4.1. fttk Theorem 1.7] Suppose that (E; ©,0, 1) is a complete lattice 
effect algebra. Let ^ D C E be a sub-lattice effect algebra. The following 
conditions are equivalent: 

(1) For all nets (x a ) a ^£ such that for all a £ £ 

x a x in E if and only if x G D and x a -—> x in D. 

(ii) For every M C D with \J M = x in E it holds x £ D. 

(hi) For every Q C D with f\Q — y in E it holds y G D. 

(iv) D is a complete sub-lattice of E. 

(v) D is a closed set in order topology t on E. 

Each of these conditions implies that = t^HD, where t® is an order topology 
on D. 

Important sub-lattice effect algebras are blocks, S(E), B(E) — f]{M C E 
M block of E) and C{E) = B(E) n S{E) (see @, 0, El ED, [H). 

Theorem 4.2. Let E be a complete lattice effect algebra. Then for every D G 
{S{E),C{E),B(E)} or D = M, where M is a block of E, we have: 

\ L ) x a A x -^=> x a x, for all nets (x a ) a& £ in D and all x G D. 

(2) If Ti is Hausdorff then 

E D 

x a A x x a A x, for all nets (x a ) a e£ in D and all x G E. 

Proof. The first part of the statement follows by Theorem [53] and the fact that 
if E is a complete lattice effect algebra then M, S(E), C(E) and B(E) are 
complete sub-lattices of E (see [ij] ) . The second part follows by [3] since Tj 
is Hausdorff implies = r Q and by Theorem 14.11 □ 

Theorem 4.3. (i) The interval topology Ti on every Archimedean atomic MV- 
effect algebra M is Hausdorff and Ti = r a = r$ . 

(ii) For every complete atomic MV-effect algebra M and for any net (x a ) of M 
and any x G M . 

x a x if and only if x a x (briefly t = (o)). 
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Moreover, t q is a uniform compact Hausdorff topology on M . 

(iii) For every atomic block-finite lattice effect algebra E, E is a complete lattice 

iff Ti = t is a compact Hausdorff topology. 

Proof, (i), (ii): This follows from the fact that every pair of elements of M 
is compatible, hence every pair of atoms is orthogonal. Thus for (i) we can 
apply Theorem 13.111 and for (ii) we can use (i) and [3, Theorem 2] since M is 
compactly generated by finite elements and Ti is compact, 
(iii) From Theorem 13.121 we know that = r Q is a Hausdorff topology. By 
Lemma 12.41 (vi) the interval topology r, on E is compact iff E is a complete 
lattice. □ 



In what follows we will need Corollary 14.51 of Lemma 14.41 
Lemma 4.4. Let E be an Archimedean atomic lattice effect algebra. Then 

(i) If c,d G E are compact elements with c < d! then c © d is compact. 

(ii) I/u = 0G ; where G is a ©-orthogonal system of atoms of E, and u is 
compact then G is finite. 

Proof, (i) Let c © d < \J D. Let £ = {F C D : F is finite} be directed by set 
inclusion and let for every F £ £ be sj? = \/F. Then xp ] x = \J D . Since 
c <\] D and d <\J D there is a finite subset F\ C D such that cVrf < \/ F± . 
Therefore, for f>Fi,if6c|3:9c,(i<a:Qc. Then there is a finite subset 
Fi C D, Fi < F2 such that d < xf 2 © c - Hence c © d < xp 2 ■ 
(ii) Let u G E, u = 0G = V{0^ I K Q G is finite} where G = (a K ) KeH 
is a ©-orthogonal system of atoms. Clearly if K\ , K2 C G are finite such that 
K x Cif 2 then0ifi <0i^ 2 - 

Assume that w is compact. Hence there are finite K\,K%, ...,K n C G 
such that it < V{0 I i = 1, 2, . . . , n}. Let K = {J{Ki \ i = 1, 2, . . . , n}. 
Then Kg C G, iiTo is finite and 0]^, < -Ko, i = 1,2 . . . ,n, which gives that 
V{0*M M = 1,2, . . . ,71} < 0/f o . It follows that u < 0ifo < u = \/{®K \ 
K C G is finite}. Hence u = 0iio, ^"0 C G is finite. Further, for every finite 
K C G \ /f we have 0^ o C 0(if o U K ) = K a © if < u = iT , 
which gives that K = 0. Hence K — % and thus G \ ifo = which gives that 
K = G. □ 

Corollary 4.5. Let _B be an o-continuous Archimedean atomic lattice effect 
algebra. Then every finite element of E is compact. 

Proof. Clearly, by 0, Theorem 7] we know that E is compactly generated. 
Therefore, any atom of E is compact. The compactness of every finite element 
follows by an easy induction. □ 

Theorem 4.6. Let E be an Archimedean atomic lattice effect algebra. Then 
the following conditions are equivalent: 

(i) Ti =T Q = t$ . 

(ii) E is o-continuous and Ti is Hausdorff. 
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(iii) E is almost orthogonal. 

Proof, (i) => (ii): Since r = r$ we have by (l6l . Theorem 1] that E is com- 
pactly generated and hence o-continuous. The condition = t$ implies that 
is Hausdorff because t$ is Hausdorff. 

(ii) ==> (i), (iii): Since t; is Hausdorff we obtain Ti — t q by 4|- Moreover, 
from [3, Theorem 7] and Corollary 03] the (o)-continuity of E implies that E 
is compactly generated by the elements from U. This gives t d = t$ from [l^ . 
Theorem 1]. 

Let a E E be an atom, 1 < I < n a . Then the interval [0, (la)'] is a clopen 
set in the order topology r Q = t$ = r,-. Hence there is a finite set of intervals in 

E such that 0e£\ ULiK ^ ^ [°. ( la )'}- Thus ^ ^ [°> ( Za )'] u UU £ 

[0, (ia)']UU" =1 [fcj6j, 1], where 6, E -B are atoms such that kibi < Ui, 1 < fcj < , 
i = 1, . . . , n. This yields that E is almost orthogonal. 

(iii) ==> (ii) : From Theorems 13.81 and 13.91 we have that r, is Hausdorff and is 
compactly generated, hence (o)-continuous. □ 

Corollary 4.7. Lei E be a complete atomic lattice effect algebra. Then the 
following conditions are equivalent: 

(i) E is almost orthogonal. 

(ii) T l =T Q = Tq, = (o) . 

(iii) E is (o)- continuous and Ti is Hausdorff. 

Proof. It follows from Theorems 14.61 and the fact that by (o)-continuity of E 
(27l . Theorem 8] we have t q = (o) . □ 

The next example shows that a complete block-finite atomic lattice effect 
algebra need not be (o)-continuous and almost orthogonal in spite of that r, = t 
is a compact Hausdorff topology. 

Example 4.8. Let E be a horizontal sum of finitely many infinite complete 
atomic Boolean algebras (Bi, (J)^ 0j, 1,), i — 1,2,..., n. Then E is an atomic 
complete lattice effect algebra, E is not almost orthogonal, E is not compactly 
generated by finite elements (hence r D ^ t$), E is block-finite, 73 = r D is 
Hausdorff by Theorem 13. 12[ and the interval topology Ti on E is compact. 

5. Applications 

Theorem 5.1. Let E be a block-finite complete atomic lattice effect algebra. 
Then the following conditions are equivalent: 

(i) E is almost orthogonal. 

(ii) E is compactly generated. 

(iii) E is (0)- continuous. 

(iv) Ti = t = r$ = (o) . 
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Proof. By Theorem l3.121 Tj = r c is a Hausdorff topology. This by [lfl Theorem 
7] gives that (ii) (iii) and by Corollary [477] we obtain that (i) <^==> (iii) 
(iv). □ 

In Theorem 15. 1[ the assumption that E is atomic can not be omitted. For 
instance, every non-atomic complete Boolean algebra is (o)-continuous but it 
is not compactly generated, because in such a case E must be atomic by [Tsl . 
Theorem 6] . 

Remark 5.2. If a ©-operation on a lattice effect algebra E is continuous with 
respect to its interval topology Tj meaning that x a < y a , x a x, y a — ^ y, a G £ 
implies x a © y a ^ x © y, then r, is Hausdorff (see [14|). Hence ©-operation 
on complete (o)-continuous atomic lattice effect algebras which are not almost 
orthogonal cannot be r^-continuous, by [3| and Corollary 14? 



Theorem 5.3. Let E be a block-finite complete atomic lattice effect algebra. 
Let (x a ) a (z£ and (y a ) a e£ ^e nets of elements of E such that x a < y a for all 
ae£. 

If x a — ^ x, y a -A y, a G £ then x < y and x a © y a -4 x © y, a G £. 
Moreover, Ti = r Q . 

Proof. Since, by Theorem l3.12[ r, is Hausdorff, we obtain that n = t by Let 
{Mi, . . . , M n } be the set of all blocks of E. Further, for every a G £, elements of 
the set {x Q , y a , x a © y a } are pairwise compatible. It follows that for every a G £ 
there exists a block of i?, fc Q G {1, . . . , n} such that {x a , y a , x a © y a } C 
Mk a ■ Let £' be any cofinal subset of £ . Since £' is directed upwards, there exists 
a block Mfe of _E and a cofinal subset £" of £' such that {xp, y a , xp(By@} C Mfc 
for all /3 G £" '. Otherwise we obtain a contradiction with the finiteness of the 
set {Mi, . . . , M n ). Further, by Theorem[2~Hl we obtain that h ° = t { n M ko , 
as Mfe is a complete sublatticc of E (see Theorem 14. 2\i . It follows that the 

interval topology rf Ika on the complete MV-effect algebra Mk is Hausdorff. 

The last by [3, Theorem 3.6] gives that xp © *— » x © y, /3 G 5" and hence 
£/3 © 2//3 a; © y, (5 G 5", as t- = n n M fco . It follows that x Q © y Q ^> x © y, 
a G £ by Lemma [2751 □ 



In [23, Theorem 4.5] it was proved that a block-finite lattice effect alge- 
bra (E; ©,0, 1) has a MacNeille completion which is a complete effect algebra 
(MC(E); ©, 0, 1) containing E as a (join-dense and meet-dense) sub-lattice ef- 
fect algebra iff E is Archimedean. In what follows we put E = MC{E). 

Corollary 5.4. Let E be a block-finite Archimedean atomic lattice effect algebra. 
Then for any nets {x a ) a ^s ond (Ha)ae£ of elements of E with x a < y a , a G £: 
x a ^x,y a ^y,a££ implies x a © y a A x © y, a G £. 

Proof. By J2(], Lemma 1.1], for interval topologies % on E and Tj on _E, we have 
?i HE = n. Thus for 

x ay ya, x,y G E we obtain x a ffi y Q ~ ~> x ffi y, a G £ which 
gives x a © Ua x © y, a G £ by the fact that fl E = Ti. □ 
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Definition 5.5. Let E be a lattice. Then 

(i) An element u of E is called strongly compact (briefly s-compact ) iff, for 
any D C E: u < c £ E for all c > D implies u < \J F for some finite 
F CD. 

(ii) E is called s-compactly generated iff every element of E is a join of s- 
compact elements. 

Theorem 5.6. Let E be a block-finite Archimedean atomic lattice effect algebra. 
Then the following conditions are equivalent: 

(i) E is almost orthogonal. 

(ii) E = MC(E) is almost orthogonal. 

(iii) E = MC(E) is compactly generated. 

(iv) E is s-compactly generated. 

Proof. By J. Schmidt [3(| a MacNeille completion E of E is (up to isomorphism) 
a complete lattice such that for every element x £ E there exist P,Q C E such 
that x — \/eP — f\gQ (taken in g). Here we identify E with <f(E), where 
ip : E — > E is the embedding (meaning that E and f(E) are isomorphic lattice 
effect algebras). It follows that E and E have the same set of all atoms and 
coatoms and hence also the same set of all finite and cofinite elements, which 
implies that (i) <=> (ii). 

Moreover, for any A C E and u £ E, we have (d £ E, A < d implies u < d) 
iff u < V g A. Then u is s-compact in E iff u is compact in E, which gives (iii) 
H- 

Finally (ii) <S=^> (iii) by Theorem O □ 

Definition 5.7. Let _E be an effect algebra. A map lu : E — > [0, 1] is called a 
state on «/ w(0) = ; w(l) = 1 and lo(x (B y) = u>{x) + ui(y) whenever x © y 
exists in E. 

Theorem 5.8. (State smearing theorem for almost orthogonal block-finite 
Archimedean atomic lattice effect algebras) Let (E;(B,0, 1) be a block-finite 
Archimedean atomic lattice effect algebra. If E is almost orthogonal then: 

(i) Ei = {x £ E | x or x' is finite} is a sub-lattice effect algebra of E. 

(ii) If there exists an (o)- continuous state oj on E\ (or on S(E\) = S(E)nEi, 
or on S(E)) then there exists an (o)- continuous state ui on E extending lo 
and an (o)- continuous state lu on E = MC(E) = MC{E\) extending lu. 

Proof, (i) By Theorem l5.6[ E is s-compactly generated and thus by [3, Theorem 
2.7] Ei is a sub-lattice effect algebra of E. 

(ii) Since E is s-compactly generated, we obtain the existence of (o)-continuous 
extensions 2 on E and lu on E by [H, Theorem 4.2]. □ 
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